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Abstract. We prove the abundance theorem for semi fog canon- 
ical surfaces in positive characteristic. 
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0. Introduction 

A semi log canonical (for short, sic) n-fold is a generalization of log 
canonical (for short, Ic) n-folds. In this paper, we prove the abundance 
theorem for sic surfaces in positive characteristic. 

Theorem 0.1. Let (X, A) be a projective sic surface over an alge- 
braically closed field of positive characteristic. If Kx + A is nef, then 
Kx + A zs semi-ample. 

Let us briefly review the history of the semi log canonical varieties 
in characteristic zero. The notion of semi log canonical singularities is 
introduced in jKSBj for a moduli problem. The abundance theorem 
for sic surfaces is proved in |AFKM] and [KeKo] . Fujinol generalizes 



this result to dimension three. Moreover, [Fujinol shows that the 



abundance theorem for sic n-folds follows from the two parts: 
[V] The abundance theorem for Ic n-folds. 
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(2) The finiteness theorem of the pluri-canonical representation for 
{n — l)-folds. 

|FGj shows that (2) holds for each n G Z>o- If n = 3, then (1) follows 
from [KeMaMcj . If n > 4, then (1) is an open problem. For a recent 
development of the theory of sic varieties in characteristic zero, see 
Fujino2| , |FG] . |Gongyo| and |HX] . For related topics, see |Kawama"ta] . 



XFM] and [KoMaMc 



In this paper, we use the strategy of [Fujinol] . Hence, we must 
prove (1) and (2) in the case where n = 2 and charfc > 0. (1) is a 
known result by [Fujita] . It is not defficult to prove (2). However, 
[Fujinol I uses many fundamental results based on the minimal model 
theory and the Kawamata-Viehweg vanishing theorem. We can freely 
use the minimal model theory for surfaces in positive characteristic by 
[Tlj (cf. |Fujita| , |KoKo] ) . Although there exist counter-examples to 
the Kodaira vanishing theorem in positive characteristic ( [Raynaud] ) , 
we can use some weaker vanishing theorems obtained in |T2[ and [Xie] 
(cf. [KoKoj l 

In positive characteristic, some new phenomena happen. For exam- 
ple, in characteristic zero, the Whitney umbrella {x^ = yz^} C is a 
typical example of sic surfaces (cf. [AFKMt Definition 12.2.1]). But, in 
characteristic two, this is not sic. Moreover, [Fujinol[ uses the following 
fact: if a field extension L/ K satisfies [L : K] =2 and its characteristic 
is zero, then L/K is a Galois extension. But, in characteristic two, this 
field extension L/K may be purely inseparable. Thus, some proofs are 
more complicated. 



0.2 (Overview of contents). In Section 1, we summarize the notations. 
The normalization of an sic surface is an Ic surface. Therefore, we 
should investigate Ic surfaces. Every Ic surface is birational to a dlt 
surface. Thus, in Section 2, we consider a dlt surface (X, A). More 
precisely, we consider lAj because lAj has the patching data of the 
normalization. In Section 3, we prove the main theorem. In Section 4, 
we summarize fundamental results on dlt surfaces. These results may 
be well-known but the author can not find a good reference. 



Acknowledgments. The author would like to thank Professor Osamu 
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Osamu Fujino teaches him Proposition 12.51 and Theorem 13.91 in this 
paper. He thanks Professor Atsushi Moriwaki for warm encouragement. 
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1. Notations 

We will not distinguish the notations invertible sheaves and Cartier 
divisors. For example, we will write L-\-M for invertible sheaves L and 
M. 

Throughout this paper, we work over an algebraically closed field k 
of positive characteristic and let char k =: p. 

In this paper, a variety means a pure dimensional reduced scheme 
which is separated and of finite type over k. A curve or a surface 
means a variety whose dimension is one or two, respectively. Note that 
varieties, curves and surfaces may be reducible. 

Let X be a noetherian reduced scheme and let X = [jXi he the 
irreducible decomposition. Let Kj — )■ Xi be the normalization of Xj. 
Then we define the normalization of X by ]J — t- ]J Xj — )■ X. We say 
X is normal if the normalization morphism is an isomorphism. 

Let X be a variety. We say A is a Q- Weil divisor on X if A is a finite 
sum A = ^ 5jAj where 5 j G Q and Aj is an irreducible and reduced 
closed subscheme which is not contained in the singular locus Sing(X). 
Note that, in this case, the local ring Ox,Ai is a discrete valuation ring. 

We will freely use the notation and terminology in [KoUar-Morij . 
In the definition in [KoUar-Moril Section 2.3], for a pair (X, A), A 
is not necessarily effective. But, in this paper, we assume A is an 
effective Q-divisor. For a reducible normal variety X and an effective 
Q-Weil divisor A, we say (X, A) is Ic (resp. dlt, kit) if each irreducible 
component is Ic (resp. dlt, kit). 

Definition 1.1. Let X be a quasi-projective variety which is 5*2 and 
normal crossing in codimension one. Let A be an effective Q-Weil 
divisor such that Kx + A is Q-Cartier. Let z/ : y — )■ X be the normal- 
ization and we define Ay by Ky + Ay = v*{Kx + A). We say (X, A) 
is sic if (F, Ay) is Ic. We say (X, A) is sdlt if (F, Ay) is dlt and every 
irreducible component of X is normal. 

The above definition of sic varieties is a naive analogue of that in 
characteristic zero. This may not be a correct definition of sic varieties 
in positive characteristic. But, in this paper, we adopt this definition 
and prove the abundance theorem for sic surfaces in positive charac- 
teristic. 

2. Boundaries of dlt surfaces 

In this section, we investigate dlt surfaces. First, we consider the case 
of curves. The main result of this section is Proposition 12. 8[ Proposi- 
tion 12.81 is the surface version of Proposition 12. 1[ 
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Proposition 2.1. Let (X, A) be an irreducible la curve. Let f : X ^ R 
be a projective surjective morphism such that f^:Ox = Or. Assume that 
S := lAj ^ and let T := f{S). If Kx + A =f 0, then one of the 
following assertions holds. 

(1) f^Os = Ot. 

(2) f^Os^Or. X ~ Pi and dimi? = 0. Moreover, A = S and S 
is two distinct points. 

Proof. If dimi? = 1, then we see X ~ i? and we obtain (1). We may 
assume dimi? = 0. Since deg{Kx + A) = and lAj 7^ 0, we see 
X ^ and S has at most two points. If S is one point, then we 
obtain (1). □ 

In the above proposition, (1) is a good case. Hence, we classify the 
other case (2) as above. For this, we want sufficient conditions for 
f.Os = Ot. 

We use the following vanishing theorem for rational surfaces essen- 
tially established in |Xie] . 

Proposition 2.2. Let (X, B) be a projective kit surface such that X is a 
rational surface. Let D be a Q-Cartier Z-divisor such that D — {Kx+B) 
is nef and big. Then, H^{X, D) = 0. 

Proof. Let / : F — X be a birational morphism from a smooth pro- 
jective surface Y such that 

(1) f~^{B) U Ex(/) U is a simple normal crossing divisor. 

(2) f*{D - {Kx + B))-i2 SjFj is ample for some < 5^ < 1. 

(3) - {Kx + S)) - E SjFp = ^f*{D - {Kx + B)r. 

We define E hy Ky = f*{Kx + B) + E. Since (X, 5) is kit, ^E^ is 
effective and /-exceptional. Thus, we obtain Ox{D) = f^OY{'~ f*D + 
E~^). Therefore, by the Leray spectral sequence, we obtain 

^ H\X, Ox{D)) ^ H\Y, OY{^f*D + E^)). 

Then, the assertion holds by 

H\Y,^f*D + E^) = H\Y,Ky + ^f*{D - {Kx + B)) -Y^^i^P) = ^■ 

where the last equation follows from [Xiel Theorem 1.4]. □ 

Proposition 2.3. Let f : X Y be a projective surjective morphism 
between irreducible normal varieties such that f*Ox = Oy. Assume the 
following conditions. 

(1) (X, A) is a Q-factorial Ic surface such that (X, {A}) is kit. 

(2) S := lAj ^ and let T := f {S). 

(3) —{Kx + A) is f-nef and f-big. 
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Then, f*Os = Ot- In particular, for every y E Y , S H f ^{y) is con- 
nected or an empty set. 

Proof. 

Step 1. In this step, we assume dimy > 1 and we prove the assertion. 
Consider the exact sequence: 

^ Cx(-lAj) -> Cx ^ 0,A. 0. 

Take the push- forward by /: 

/.Ox(-lAj) ^Oy^ f.O^A. ^ i?V*(^x(-LAj). 

It is sufficient to prove that the last term lAj) vanishes. 

Since 

we have R^f^Ox{-^A^) = by |T2l Theorem 2.12]. 

Step 2. In this step, we assume dimF = and we prove the assertion. 
It is sufficient to prove that S is connected. Since rational surfaces 
satisfy the Kawamata-Viehweg vanishing theorem by Proposition 12. 2[ 
we can apply the same argument as Step 1. Thus we may assume that 
X is not rational. We can run a (i^x + A)-MMP by [TTl Theorem 6.8]. 
Then we have 

h:X^X'^R 

where g : X — )■ X' is a composition of extremal birational contractions 
and /i' : X' — )■ i? is a Mori fiber space. 

We prove dimi? = 1. Let /i : X" — )• X' be a resolution and X" — )■ Q 
be the ruled surface structure. We may assume that Q is not rational. 
Note that X' has at worst rational singularities, because (X, {A}) is 
kit and R^q^Ox = 0. (cf. [T2l Theorem 2.12]) Therefore each /i- 
exceptional curves goes to one point by X" — )■ Q. Thus X" — )■ Q 
factors through X'. In particular, there exists a surjection X' — )■ Q to 
a smooth projective curve. This means p(X') > 2. Therefore we see 
dimi? ^ 0. 

Hence we may assume dimi? = 1. Note that —{Kx' + A') is nef and 
big. Assume that —{Kx' + A') is ample. Since p(X') = 2, X' has the 
two {Kx' + A')-negative extremal rays. Since these extremal rays are 
spanned by rational curves (cf. |Tlt Proposition 4.6]), i? is a rational 
curve. If X" — )■ X' is a resolution, then X" — )■ i? is a ruled surface 
structure. This means that X" is rational. This case is excluded. 
Therefore we may assume that —{Kx' + A') is not ample. Then, by 
the Nakai-Moishezon criterion, there exists a curve C on X' such that 
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{Kx' + A') -C = 0. This implies C'^ < and h'{C') = R. Moreover we 
see 

= {Kx' + A') • C > {Kx> + C) ■ C. 

If > {Kx' + C) ■ C, then C ~ by [Tl, Theorem 5.3]. This case is 
excluded. Thus the above inequality is an equality. In particular, we 
have C C lA'j. Let C C X be the proper transform of C. Then C 
satisfies h{C) = R and C C lAj. We can apply Step 1 of this proof to 
h : X ^ R because —{Kx + A) is h-nef and h-hig. Then, S H h'^{r) 
is connected for every r & R. This and h{C) = R imply that S is 
connected. 

□ 

Lemma 2.4. Let 

/ : X 4 X' 4 

be projective morphisms between normal varieties such that q is bira- 
tional and flOx' = Or. Assume the following conditions. 

(1) (X, A) is a Q-factorial Ic surface such that (X, {A}) is kit. 

(2) Ex(g) =: E is an irreducible curve. 

(3) -{Kx + A) IS q-nef 

(4) lAj is q-nef. 

Then, for every r & R, the number of connected components of l A j fl 
f~^{r) is equal to the number of connected components of Lg,,Aj fl 

r-\r). 

Proof. Let q{E) =: Xq and /'(xq) =: tq. If E H SupplAj = 0, then the 
assertion is clear. Thus, we may assume E fl SupplAj 7^ 0. Since lA j 
is g-nef, we see g(SuppLAj) = SuppLg*Aj. Then, for every r G i?, we 
obtain 

g(SuppLAjnri(r)) = g(SuppLAj n ^-^(/'-^(r))) 

= g(SuppLAj)n/'-i(r) 
= SuppLg,Ajn/'-i(r). 

Assume that the numbers of connected components are different. Then 
there exist at least two connected components Xi and X2 of SupplAjH 
f~^{ro) such that x'q G q{Xi) and x'q G q{X2). We take the intersection 

SupplAj n f'\ro) = Xi n X2 n ■ ■ ■ 

with ^"^(xq) and we obtain the following equation 

SupplAj n q-\x'o) = (Xi n q-\x'o)) n (X2 n q-\x'o)) n • • • . 
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Thus, in order to derive a contradiction, it is sufficient to prove that 
SuppLAjng^^(a;Q) is connected. Since —{Kx+A) is g-nef and g-big, we 
can apply Proposition 12.31 Thus SuppuAj fl g^^(xo) is connected. □ 

Proposition 2.5. Let f : X ^ Y be a projective surjective morphism 
between irreducible normal varieties such that f*Ox = Oy- Assume the 
following conditions. 

(1) (X, A) is a Q-factorial Ic surface such that {X, {A}) is kit. 

(2) S := lAj ^ and let T := f ls). 

(3) Kx + A=fO. 

(4) T = f{S) C Y. 

Then, f*Os = Ot. In particular, for every y E Y , S H f^^iy) is con- 
nected or an empty set. 

Proof. By (4), we have dimF ^ 0. If diniF = 2, then the assertion 
follows from Proposition 12.31 Thus we may assume that dimF = 1. It 
is sufficient to prove that Oy = f*Ox f*Os is surjective. Since the 
problem is local, by shrinking Y , we may assume that f{S) = P E Y. 
If S is connected, then f^Os — Op and Oy f*Os is surjective. 
Therefore, it is sufficient to prove that S is connected. We define a 
reduced divisor D by 

S + D = Supp(/*P). 

If D = 0, then 5* is connected since S = Supp(/*P). Therefore, we 
assume that D ^ 0. Then, there exists an irreducible curve E C SuppD 
such that E n S 0. We see {Kx + {A}) ■ E < 0. Thus, we obtain a 
birational morphism g : X — )■ X' such that Ex(g) = E. Let A' := g*A. 
By Lemma [231 if SupplA'j is connected, then so is SuppuAj. We can 
repeat this argument and we obtain a projective morphisms 

/ : X 4 X" ^ r 

where g is a birational morphism such that Ex(g) = SuppD. Let 
A" := g^,A. It is sufficient to show that SupplA"_i is connected. This 
follows from SupplA"j = Supp(/"*P). □ 

In Proposition 12. 8[ the most complicated case is the Mori fiber space 
to a curve. Thus we investigate this case in the following lemma. 

Lemma 2.6. Let f : X' ^ R be a projective surjective morphism 
between normal varieties such that f'^Ox' = Or. Assume the following 
conditions. 

(1) (X', A') is a Q-factorial Ic surface such that (X', {A'}) is kit. 

(2) S' := lA'j ^ 0. 

(3) Kx' + A' =f, 0. 
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(4) There is a {Kx' + {A'}) -negative extremal contraction g' : X' — )■ 
V over R such that dim V" = 1. 

Then the g' -horizontal part {S')^ of S' satisfies one of the following 
assertions. 

(a) {S')^ = S[, which is a prime divisor, and [-^'(5'^) : K{V)] = 2. 
(6) (5")'^ = S[, which is a prime divisor, and [K{S[) : -ft'(V")] = 1. 
(c) (5")^ = 5*^ + 5*2, where each S[ is a prime divisor, and [K{S^) : 
K{V)] = 1. 

Furthermore, there is a Q-Cartier Q-divisor Dy on V such that Kx + 
A = g'*{Dy). 

In the case {h), f'^Os' = Ofi^s')- 

Proof. The assumption (3) means Kx' + A' =gi 0. Thus, by (4), lA'j 
is 5f'-ample. We see {S')^ ^ 0. 

We prove that general fibers oi g' : X' are P^. The dimension 
of every fiber is one. Since dim V = \ and f^Ox' = Oy, the field exten- 
sion K{X')/ K{V) is algebraically closed and separable (cf. [Badescu 
Lemma 7.2]). Therefore general fibers are geometrically integral. Let 
F be a general fiber of g', that is, F is a fiber which is an proper integral 
curve such that F fl Sing(X) = 0. The adjunction formula implies 

{Kx' + F) ■ F = Kx' ■ F = -A' ■ F < -{S')'' ■ F < 0. 

This means F ~ P^. 

By {Kx' +F)-F = -2, we have {S')'' ■ F < 2 for a general fiber F. 
Therefore one of (a), (6) and (c) holds. By the abundance theorem ( |Tlt 
Theorem 18.4]), we see Kx' + A' 0. This means m{Kx' + A') = 
g'*{D) for some integer m and some Z- divisor D on V. We define a 
Q-divisor Dy hy D = mDy. 

Assume (6) and let us prove flOs' = Oj/^s')- Since diml^ = 1, we 
have dimi? = or dimi? = 1. Assume dimi? = 0. It is sufficient 
to prove that S' is connected. This holds because all of the fibers 
of g' are irreducible and [S')^ ^ 0. Assume dimi? = 1. Then, we 
see f'{S') = ^ ~ -R. Since 5*^ and R are birational, the morphism 
f\s['.S[^Risa.n isomorphism. We can write 

S' = S[ + F^ + --- + Fr 

where each Fj is the reduced subscheme whose support is a fiber of g'. 

We prove f'^Os' = Or by the induction on r. If r = 0, then the 
assertion follows from S[ ~ R. Assume r > 0. Consider the exact 
sequence: 
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The last map defined by the difference. Note that the last term is the 
scheme-theoretic intersection. It is easy to see that (S" — Fj.) fl F,. ~ 
S[n Fr. Then (S" — F^) fl Fr is reduced because S[ ~ R. Consider the 
push-forward of the above exact sequence: 

We see R^fiOx' = by [T2, Theorem 2.12]. This implies R^fiOs' = 0. 
Since Fr and {S'—Fr)nFr are reduced, we have f'^Opr — fiO(^s'-Fr)nFr — 
Of'(^Fr)- This means f^Os' f^Os'-Fr is an isomorphism. By the in- 
duction hypothesis, we obtain f'^Os' — f^Os'-Fr — ^R- ^ 

Remark 2.7. In the last argument in the above proof, we use the 
following fact. Let A be a ring and let M, N, L and P are A- modules. 
Assume the exact sequence 

If ^ : L — P is an isomorphism, then ipi : M ^ N is also an isomor- 
phism. 

We can prove the following main result in this section. 

Proposition 2.8. Let {X, A) be an irreducible dlt surface. Let f : 
X ^ R be a projective surjective morphism such that f*Ox = Or. 
Assume that S := lAj 7^ and let T := f{S). If Kx -|- A =/ 0, then 
one of the following assertions holds. 

(1) f^Os = Ot. 

(2) f^^Os 7^ Ot- There exist a projective surjective R-morphism 
g : X ^ V to a smooth curve V and a Q-divisor Dy on V such 
that g^^Ox = Oy and that Kx + A = g*{Dy) as Q- divisors. 
Every connected component of S intersects the g -horizontal part 
S'^ of S. Moreover, the g -horizontal part satisfies one of the 
following assertions. 

(2.1s) = Si, which is a prime divisor, and [K{Si) : K{y)] = 

2. This field extension is separable. 
(2.1i) = Si, which is a prime divisor, and [K{Si) : K{V)] = 

2. This field extension is purely inseparable. 
(2.2) 5*^ = S'i-I-S'2, where Si is a prime divisor, andg\s- : Si ^ V 

is an isomorphism for i = 1,2. 

Proof. If / is birational, then Proposition 12.51 implies (1). Thus we may 
assume that dimP < dimX. We run a {Kx + {A})-MMP on X over 
P. The end result is a proper birational morphism q : X ^ X' over P. 
Let /' : X' — )• P be the induced morphism. Since Kx + A =j 0, we 
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obtain that Kx' + A' =// where A' := g*A. Let S' := lAj. Then it 
is easy to see that {X', A') is a Q-factorial Ic pair and {X, {A'}) is kit. 

Step 1. Assume that (X', {A'}) is a minimal model over R. Then 
Kx' + {A'} is /'-nef and Kx' + A' =// 0. So -lA'j is /'-nef. If 
dimi? = 0, then lA'j = because X' is projective. Lemma [23] implies 
lAj = 0. This case is excluded. Assume dimi? = 1. Since — lA'j is 
/'-nef, we see /'(lA'j) C R. Therefore, by Proposition 12. 5[ we obtain 

(1). 

Step 2. Assume that there exists a Mori fiber space structure g' : 
X' over R. Let 

Then —{Kx' + {A'}) is ^f'-ample. Note that, if dim = 1, then we can 
apply Lemma 12.61 and every connected component of S intersects 
by Lemma [2. 4[ 

First, assume that dimi? = 0. If lA'j is connected, then we have (1) 
by Lemma [2. 4[ Thus we may assume that lA'j is not connected. 

We show dimV^ = 1. Assume dimV^ = 0. Then lA'j is ample. Thus 
its suitable multiple is an effective ample Cartier divisor. This must be 
connected by the Serre vanishing theorem. This case is excluded. 

Thus we can apply Lemma 12.61 Since all of the fibers of the Mori 
fiber space g' : X' ^ V are irreducible, we see lA'j = S[ + S2. This 
implies (2.2). 

Second, assume that dimi? = 1. Then we have dimV^ = L Note that 
T = i? ~ V^. We can apply Lemma [2.61 Thus we obtain (a), (6) or (c) 
of Lemma [2!6l If (a) or (c) holds, then (2) holds. Thus we may assume 
that [b) of Lemma 12.61 holds. We have fiOs' = Ot- Lemma [2^ implies 
q{S) = S'. By Proposition ESI we have f^Og = f^Os' = Ot- 

□ 

Example 2.9. Let charfc = 2. Then, there exists a projective dlt 
surface (X, A) and smooth projective curve R which satisfy Proposi- 
tion [2l];2.1i). 

Construction. Let Xq := and let Cq := {(x, G | x = y^}. Note 
that the restriction of the first projection to Cq is purely inseparable 
of degree two. Let Xq C X := x be the natural open immersion 
and let C be the closure of Cq in X. Let g : X ^ =: V =: R he 
the first projection. It is easy to see that C is smooth and Kx + C ~ 
g*Opi{-l). Thus, we see that (X, A := C) is dlt and that (X, A) 
satisfies Proposition 12.8( 2.11). □ 
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3. Abundance theorem for slc surfaces 
We recall the i?-birational maps introduced in |Fujinol| . 

Definition 3.1. Let (X, Ax) and (y, Ay) be Ic varieties (may be re- 
ducible). We say o : (X, Ax) (1^, Ay) is a 5-birational map if 
(T:X--->yisa birational map and there exist birational morphisms 
a : W ^ X and f3 : W ^ Y from a normal variety W such that 
/3 = a o a and a*{Kx + Ax) = f3*{KY + Ay). We define 

Aut(X, Ax) := W e Aut(X) | i^x + Ax = (t*{Kx + Ax)}. 

Let us recall the admissible sections introduced in [Fujinol] . Note 
that we also consider the p-power of admissible sections as follows. 

Definition 3.2. Let (X, A) be an n-dimensional projective sdlt variety 
with n < 2. Let X = |jXj be the irreducible decomposition and let 
z/ : ]J Xj — )■ X be the normalization. We define Aj by Kx^ + Aj = 
{h'*{Kx + A))|xi- Note that (Xj, Aj) is dlt. Let m be a positive integer 
such that m{Kx + A) is Cartier. We define admissible sections and 
preadmissible sections inductively on dimension as follows. 

(1) If n = dimX = 0, then every element of H^{X, m{Kx + A)) is 
a preadmissible section. 

(2) Let n = dimX > 1. We say s G H°{X, m{Kx + A)) is pread- 
missible if (z^*s)|]jLAij is admissible. 

(3) Let n = dimX > 0. We say s e H^{X,m{Kx + A)) is ad- 
missible if s is preadmissible and g*{i'*s\x ) = i^*s\xi every 
i?-birational map g : (Xj, A^) --->■ (Xj, Aj). 

We define 

PA{X,m{Kx + A)) := {s is preadmissible} 
A{X,m{Kx + A)) := {s is admissible}. 
Moreover, we define 

A^P\X,pm{Kx + A)) := {t'\te A{X, m{Kx + A))} 

PA^P\X,pm{Kx + A)) : = 

{s I {iy*s)\u.A.. e A^P\l[^A,^,pm{Kx + A)|n,A.J}. 

Remark 3.3. We need A^P\X,pm{Kx + A)) and PA^P'>{X,pm{Kx + 
A)) only for the case where char /c = p = 2. For more details, see the 
proof of Proposition 13.71 

The following lemma teaches us that, in order to obtain sections 
on an sic surface, we should consider preadmissible sections on a dlt 
surface. 
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Lemma 3.4. Let {X, A) be a projective sic surface. Let u : Y ^ X be 
the normalization and let Ky + Ay := i'*{Kx + A) . Let n : {Z, Az) — >■ 

(Y, Ay) be a birational morphism from a projective dlt surface {Z, Az) 
such thatKz + Az = /i*(i^y + Ay). If s e PA{Z,m{Kz + Az)), then 
s = jj,*i/*t for some t e H^{X, m{Kx + A)). 

Proof The assertion holds because X is 5*2 and normal crossing in 
codimension one. □ 

We summarize the basic properties of p-power of admissible sections. 

Lemma 3.5. Let {X, A) be a projective sdlt variety with n <2. Let m 
be a positive integer such that m{Kx + A) is Cartier. 

(1) Ifse PA{X,m{Kx + A)), then E PA^\X,pm{Kx + A)). 

(2) Ifse A{X,m{Kx + A)), then sP e A^\X,pm{Kx + A)). 

(3) Ift e PA^P\X,pm{Kx + A)), then t e PA{X,pm{Kx + A)). 

(4) Ift e A'^P\X,pm{Kx + A)), then t e A{X,pm{Kx + A)). 

(5) Assume that X is normal and let S := lAj 7^ 0. // the map 

PA{X, m{Kx + A)) ^ A{S, m{Kx + A) |s) 
is surjective, then so is the map 
PA^P\X,pm{Kx + A)) ^ A^P\S,pm{Kx + A)\s). 

(6) // the vector space PA{X^ m{Kx + A)) generates Ox{tTi{Kx + 
A)), then PA'^P\X,pm{Kx + A)) generates Ox{pm{Kx + A)). 

(7) // the vector space A{X,m{Kx + A)) generates Ox{Tn{Kx + 
A)), then A'-P\X,pm{Kx + A)) generates Oxipm{Kx + A)). 
Moreover, the inverse assertion holds. 

Proof. (2) This follows from the definition. 

(1) This follows from (z/*sf)|n,A,. = ((^^*s)Iu.a,J^. 

(3) (4) By the induction on dimX, we see that, if s is preadmissible 

(resp. admissible), then so is s^. This means the assertion. 

(5) (6) These assertions follow from (1). 

(7) The first assertion follows from (2). Therefore let us only prove 
the inverse assertion. Assume that A^\X,pm{Kx + A)) generates 
Ox{pm{Kx + A)). Let Si, • • • , be a basis of A^P\X,pm{Kx + A)). 
We can write, for every Si — SiP where Sj e A{X,m{Kx + A)). 
Since si^, • • • , s^^ have no common zeros, si, • • • ,Sr have no common 
zeros. □ 

Lemma 3.6. Let {X, A) be a proper Ic curve or a proper Ic surface such 
that Kx + A is semi-ample and S := lAj 7^ 0. Let f := (p\k{Kx+A)\ '■ 
X ^ R be a surjective morphism to a projective variety R such that 
f*Ox — Or. Let T :— f{S). Assume the following conditions. 
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(a) f^Os = Ot. 

(b) There exist sections {sj}'^^ C H'^{S,m{Kx + A)!^) without 
common zeros for some m. 

Then, for some r > 0, there exist sections {ui}\^^ C H^{X,rm{Kx + 
A)) which satisfies the following conditions. 

(1) Ui\s = si for 1 < i < q and Ui\s = for q + 1 < i < I. 

(2) {ui}\^i have no common zeros. 

Proof. There is an ample Q-Cartier Q-divisor H on R such that Kx + 
A ~Q f*H. For r ^ 0, we have the following commutative diagram. 

H°{X,rm{Kx + A)) > H'^iS^rmiKx + A)\s) 



H%R,rmH) ^^5!!^ H%T,rmH\T) 

Let Ml, ■ ■ ■ ,Ug G rm{Kx + A)) be lifts of s'[, ■ ■ ■ , and let us 

consider the following corresponding sections. 

Ui > s[ 



K > s'i 

We may assume that r is so large that It ® O^lrmH) is generated 
by global sections where It is the corresponding ideal to the closed 
subscheme T. Let t'g_^_^, ■ ■ ■ ,t[ be the basis of II^{R,It ® OR{rmH)) 
and let Wg+i, ■ ■ ■ , tt; be its image to II^{R, rniH). Then u'l, ■ ■ ■ ,u'i have 
no common zeros. Thus the corresponding sections Mi, ■ ■ ■ ,ui satisfy 
the desired properties. □ 

The following proposition is the key to prove the abundance theorem 
for sic surfaces. 

Proposition 3.7. Let {X, A) be a projective dlt surface such that S : = 
lAj 7^ 0. Let m he a sufficiently large and divisible integer such that 
m G 2Z. If Kx + A is nef, then the following assertions hold. 

(a) The following map is surjective: 

PA^P\X,pm{Kx + A)) ^ A^P\S,pm{Kx + A)\s). 

(b) Assume that A{S,m{Kx + A)\s) generates Os{rn{Kx + A)\s) . 
Then PA'-P\X,pm{Kx + A)) generates Ox{pm{Kx + A)). 

Proof. We may assume that X is irreducible. By the abundance the- 
orem (cf. [Fujita] ), we obtain / := '^\k{Kx+^)\ '■ X ^ R such that 
f^Ox = Or. Let f{S) =: T. Then (1) or (2) holds. 
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(1) f^Os = Ot. 

(2) UOs ^ Ot. 

(1) Assume /^C^ = Ot- By the diagram of the proof of Lemma [3T6l 
the map 

H%X,m{Kx + A)) ^ H'iS,m{Kx + A)\s) 

is surjective. Thus the map 

PA{X, m{Kx + A)) ^ A{S, m{Kx + A)\s) 

is also surjective. Thus assertion (a) follows from Lemma 13.51 We 
prove (b). Since A{S,m{Kx + A)!^) generates Osijn^Kx + A)!^), 
PA[X,m{Kx + A)) also generates Oxijn^Kx + A)) by Lemma [321 
The assertion follows from Lemma [3.51 

(2) Assume f^Os 7^ Ot- We can apply Proposition 12.81 and we obtain 
Proposition 12.8( 2). Then, we have projective morphisms 

f -X ^ R 

where \^ is a smooth projective curve. 

Case (2.1s). Assume Proposition 12.8( 2. Is) holds. By Lemma [3. 5[ it 
is sufficient to prove (a)' and (b)'. 

(a) ' The following map is surjective: 

PA{X, m{Kx + A)) ^ A{S, m{Kx + A)\s)- 

(b) ' Assume that A{S,m{Kx + A)\s) generates Os{m{Kx + A)\s)- 

Then PA{X,m{Kx + A)) generates Ox{m{Kx + A)). 
First we prove (a)'. Note that there is a Galois involution t : Si ^ Si 
and L is _B-birational. Let s G ^(5*, m{Kx+A)\s)- Since s is admissible, 
this section s is invariant for l- Thus s\sj^ is the pull-back of a section 
t G H'^{V,m{Dv))- Let u := g*t G H%X,m{Kx + A)). We prove that 
u\s = s- Let 5 = IJ S'j be the irreducible decomposition. Since S is 
reduced, we obtain the exact sequence: 

O^Os-^^Osr 

i 

Therefore it is sufficient to prove that uls^ = s\si for every i. For 
i = 1, this is clear by the construction. Thus we may assume that 
Si is (yf-vertical. We take a proper birational morphism A : X" — )■ X 

in Lemma KM Let g" : X" A X A V- Note that X^Os" = Os by 
Lemma 14.101 where S" := lA"j. Thus it is sufficient to prove that 
u"\s'.' = s"\s;.' where u" := \*u, s" := X*s and S" is an irreducible 
component of S" such that (^''-vertical. Let 5*^' be the proper transform 
of ^1. Assume S'{ n S'/ 0. Note that, since (X", A") is dh, the 
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scheme-theoretic intersection S" fl S'/ is reduced. Hence, Lemma 14.101 
imphes g'lOs'^ — g'iO s'^ns'^ ■ Since m{Kx" + A") is the pull-back of 
mDy, this means 

By u"\s'^ = s"\s'^, we have u"\s'^ns" = s"\s'-{ns"- Therefore, by the 
above isomorphism, we see u"\s(' = ^''Is^". If S" satisfies SjHS" 7^ for 
5*^' n S'f 7^ 0, then u"\s'^ = s"\s'^ by the same argument as above. 
By the inductive argument, if a vertical irreducible component S" 
is contained in a connected component of S" which intersects S'^, 
then u"\s" = s"\s"- By Lemma 12.41 and Proposition 12.81 every verti- 
cal irreducible component S" satisfies this property. Therefore, we see 
u e PA{X, m{Kx + A)) such that u\s = s. 

Second, we prove (b)'. We prove that PA{X,m{Kx + A)) generates 
Oxim^Kx + A)). Let si, ■ ■ ■ ,Sr G A{S,m{Kx + ^)\s) be a basis and 
let Ml, • ■ ■ ,Ur G PA{X,m{Kx + A)) be their lifts. Let ti, ■ ■ ■ ,tr G 
H^{V,mDv) be the corresponding sections. Since A{S,m{Kx + A)!^) 
generates Os{rn{Kx + ^)\s) and — )• is surjective, ti, • • • , have no 
common zeros. Thus the corresponding sections Mi, ■ ■ ■ ,Ur generates 
Ox{m{Kx + A)). 

Case (2.2). Assume Proposition 12.8( 2.2) holds. It is sufficient to 
prove the above assertions (a)' and (b)'. 

We prove (a)'. Note that there is a i?-birational morphism i : 5*2 — )■ 
Si obtained by 5*2 ~ 1^ ~ ^i. Let s G A{S,m{Kx + A)\s)- Since s is 
admissible, we see t*(s|5'J = s\s2- Since Si ^ V, s\si is the pull-back 
of a section t G H°{V,mDv). Let u := g*t G H^{X,m{Kx + A)). We 
would like to prove that = s. It is sufficient to prove that u\s^ = s\si 
for every irreducible component Si oi S. By the same argument as 
(2.1s), it is sufficient to prove this equality only for z = 1, 2. It is clear 
in the case where i = 1. Since l*{u\si) = u\s2, also clear in the case 
where i = 2. The assertion (b) holds by the same argument as (2.1s). 

Case (2.1i). Assume Proposition l2.8( 2.1i) holds. We see p = char k = 

2. 

We prove (a). Let s G A^^\S, 2m{Kx + A)|s). Then we have s = s'^ 
where s G ^4(5', m{Kx+A)\s)- Note that g\s^ : ^i — j- is the geometric 
Frobenius morphism. Thus the absolute Frobenius morphism F : Si 
Si factors through V: 

F: Si^h'V ^ Si. 
Note that G is a non-fc-linear isomorphism as schemes and that 



V^Si V 
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is the absolute Frobenius morphism of V. 

We show Ovi2mDv) ~ G*Csi(m(Kx + A)Ui)- Since m e 2Z, we 
can write m = 2m' where m' G Z. First, we see 

{g\sJ*Ov{2m'Dv) ^ Osd^m' {Kx + A)\sJ - (5|sJ*G'*05i (m'(i^x + A)|sJ. 
Then, for an invertible sheaf 

M := iG-'yOvi2m'Dv) ® OsA-m'{Kx + A)\sJ, 
we obtain M^^ ^ p*j^ ^ (^^^ Tj^jg implies 

Ov{2mDv) ~ G'*((7|5j*Oy(2m'Dy) 

~ G*F*(G'-i)*Cy(2m'Dy) 
- G*F*OsAm'{Kx + A)\s,) 
G*Os,iHKx + A)\s,). 
Therefore, the section s is the pull-back of 

t := G*s G H\V,2mDv). 

Let M := g*t G H^{X,2m{Kx + A)). Then, by the same argument as 
(2.2s), we see u\s = s. This means u G PA^^\X, 2m{Kx + A)). 

We prove (b), that is, we prove that PA^'^\X^2m{Kx + A)) gen- 
erates Ox{2m{Kx + A)). Let si, ■ ■ ■ , G A^'^\S,2m{Kx + A)|5) 
be a basis and let Mi, ■ ■ • ,Mr G PA*^^)(X, 2m(i^x + A)) be their lifts. 
Let ti,--- ,tr G H^{y,2mDv) be the corresponding sections. Here, 
A^'^\S,2m{Kx + A)|5) generates Os{m{Kx + A)!^) by Lemma [331 
Thus, since S" — )■ is surjective, ti, ■ ■ ■ , tr have no common zeros. Thus 
the corresponding sections Mi, ■ ■ ■ ^u^ generates Ox{2m{Kx + A)). □ 

We would like to prove that the assumption in Proposition 13.7( b) 
holds. For this, we consider the curve version of Proposition 13. 7[ 

Proposition 3.8. Let (X, A) he a projective Ic curve such that S : = 
lAj 7^ 0. Let m be a sufficiently large and divisible integer such that 
m G 2Z. If Kx + A is nef, then the following assertions hold. 

(a) The following map is surjective: 

PA{X, m{Kx + A)) -> A{S, m{Kx + A) I5). 

(b) PA{X, m{Kx + A)) generates Ox{m{Kx + A)). 

Proof. We may assume that X is irreducible. Since X is a curve, we 
obtain a morphism / := '^\k{Kx+^)\ '■ X ^ R such that f*Ox = Or. 
Let f{S) =: T. Then (1) or (2) holds. 

(1) f^Os = Ot. 

(2) f^Os + Ot. 
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(1) Assume f^:Os = Ot- Then, we can use the same argument as 
Proposition 13.7( 1). 

(2) Assume ft^Os 7^ Ot- Then Proposition 12.1( 2) holds. Thus we 
have X ~ dim/? = and A = ^ = {P, Q] for P ^ Q. Therefore, 
the assertions (a) and (b) are obvious. □ 

In order to construct admissible sections from preadmissible sections, 
we consider the following finiteness theorem, (cf. jFG I, Theorem 1.1]) 

Theorem 3.9. Let (C, A) be a projective Ic curve and let m be a pos- 
itive integer such that m{Kc + A) is Cartier. Then pm,(Aut(C, A)) is 
a finite group where pm is a group homomorphism defined by 

Pm -.Antic, A) Ant{H\C,m{Kc + A))) 

a I— 7- (s I— 7- a*s). 

Proof. We may assume that C is irreducible. If the genus g{C) > 2, 
then Aut(C) is a finite group. Therefore, pm(Aut(C, A)) is a finite 
group since Aut(C, A) C Aut(C). 

If g{C) = 1 and A 7^ 0, then Aut(C, '"A"') is a quasi-projective 
scheme and H^{C,Tc ® C»c(-^A^)) = 0. Therefore, Aut(C, ^A^) is a 
finite group. Thus, pm(Aut(C, A)) is a finite group because Aut(C, A) C 
Aut(C, ^A^). 

Assume that g{C) = 1 and A = 0. Let G C be the origin of the el- 
liptic curve C. Then T_o-(o)ocr e Aut(C, [0]) for any a G Aut(C), where 
T_„(o) is the translation of C by -a(0). Note that H%C, OdKc)) ~ k 
is spanned by a translation invariant 1-form on C and that Aut(C, [0]) 
is a finite group. Therefore, pi(Aut(C)) is a finite group. Thus, we can 
easily check that pm(Aut(C)) is finite for every m > 0. 

Finally, we assume that C = If |SuppA| > 3, then Aut(C,A) 
is a finite group. If deg{Kc + A) < 0, then there is nothing to prove. 
Therefore, we can reduce the problem to the case when A = lAj = 
{two points}. In this case, we can easily check that pm(Aut(C, A)) is 
finite for every m > 0. Moreover, pm(Aut(C, A)) is trivial if m is an 
even positive integer. □ 

Lemma 3.10. Let (X, A) be a projective Ic curve. Let m be a positive 
integer such that m{Kx + A) is Cartier. If s & PA{X,m{Kx + A)), 
then (5'*s)|lAj = -^IlAj o^nd g*s G PA{X,m{Kx + A)) for every g G 
Aut(X, A). 

Proof Let s G PA{X,m{Kx + A)) and let g G Aut(X, A). Note that 
g : X ^ X induces an automorphism g\^/\j : lAj — )■ lAj. Therefore 
we have 

(5'*s)La^ = (5'LaJ*(sLaJ- 
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Since s G PA{X,m{Kx + A)), we see s^a^ G A{^A^,m{Kx + A)\^a^). 
This implies 

(A'IlaJIsI^aJ = S^Aj- 
Hence, we have {g*s)\^Aj = sI^Aj- Thus we prove g*s G PA{X,m{Kx + 
A)). It is sufficient to prove that (5'*s)|lAj £ A{\_A_i,m{Kx + A)|lAj)- 
Let h G Aut(LAj) and we define h' G Aut(LAj) by 

(s-LaJ oh = h' o (5(|^aJ- 

It is sufficient to prove /i*((5'*s)|LAj) = {g*s)\^Aj- This is equialent to 
^*(^|laJ*(sLaJ = (^LaJ*(sLaJ- This follows from 

h*igU.nsU.) = igUTh'*isU.) = (gUTisU.). 

□ 

The following proposition shows that the assumption of (b) in Propo- 
sition 13.71 holds. 

Proposition 3.11. Let (X, A) be a projective Ic curve. If Kx + A 
is nef, then A{X,m'{Kx + A)) generates Ox{rn'{Kx + A)) for some 
integer m' > 0. 

Proof. We can apply Proposition l3.8( b). Thus PA{X, m{Kx+A.)) gen- 
erates Ox{m{Kx + A)). Let G := prra(Aut(X, A)). Note that this group 
is finite by Theorem 13. 9[ Let N := \G\ and let G = {gi, ■ ■ ■ ,gN}- For 
1 < i < N, let ai be the X-variable elementary symmetric polynomial 
of degree i. If s G PA{X,m{Kx + A)), then Lemma [3.101 implies 

{a,{gls, g%s)f-/' G A{X, N\m{Kx + A)). 

Since 

N N 

[]{g*s = 0} = f]{a,{gls, g^) = 0}, 

j=i i=i 

A{X, N\m{Kx + A)) generates Ox{N\m{Kx + A)). □ 

Let us prove the main theorem of this paper. 

Theorem 3.12. Let (X, A) he a projective sic surface. If Kx + A is 
nef, then Kx + A is semi-ample. 

Proof. Let z/ : F — > X be the normalization and we define Ay by 
i^y+Ay = v*{Kx+A). There exists a birational morphism ii : Z 
from a projective dlt surface (Z, A^) where Kz + A^ = fi*{Kz + A^). 
By Lemma 13. 4[ it is sufficient to prove that PA{Z,mo{Kz + A^)) 
generates Oz{rnQ{Kz + A^)) for some mo > 0. Proposition 13.7( b) 
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and Proposition 13.111 show that PA^P\Z,pm{Kz + A^)) generates 
Oz{pm{Kz + A^)). By Lemma [375| we see 

PA{Z,pm{Kz + Az)) D PA^P\Z,pm{Kz + A^)). 
Therefore, PA{Z,pm{Kz + A^)) generates Oz{pm{Kz + A^)). □ 

4. Appendix: Fundamental properties of dlt surfaces 

We summarize fundamental properties for dlt surfaces. In this sec- 
tion, we assume that all surfaces are irreducible. First, we recall the 
definition of dlt surfaces. It is easy to see that the following definition 
is equivalent to |Kollar-Morit Definition 2.37]. 

Definition 4.1. Let X be a normal surface and let A be a Q-divisor 
such that Kx + Ais Q-Cartier and < A < 1. Let 

Six, A) := 

Sing(X) U {x G Reg(X) | Supp A is not simple normal crossing at x}. 

We say (X, A) is dlt if a{E,X,A) > — 1 for every proper birational 
morphism f : Y ^ X and every /-exceptional prime divisor E G Y 
such that f{E) e S{X,A). 

Proposition 4.2. Let X be a normal surface and let A be a Q-divisor 
such that Kx+A is Q-Cartier andO < A < 1. The following assertions 
are equivalent: 

(1) (X, A) IS dlt. 

(2) There exists a projective birational morphism fi : X' —> X from 
a smooth surface such that Ex{fi) USupp /U*(A) is a simple nor- 
mal crossing divisor and each fi- exceptional prime divisor Ei 
satisfies a{Ei, X, A) > —1. 

Proof. Note that S{X, A) is a finite set. 

Assume (1), that is, assume that [X, A) is dlt. Let / : F — ?■ X be a 
log resolution of (X, A). Let 

Ex(/) := El n ■ • ■ n n Fi n ■ ■ ■ n 

be the decomposition to the connected components where Pi := f{Ei) G 
^(X, A) and Qj := f{Fj) ^(X, A). There exists a proper birational 
morphisms 

Y Z A X 

such that Z is a normal surface and Ex((yf) = Fi U ■ ■ ■ U Eg. Indeed, Z is 
obtained by glueing the varieties X\{Pi, • • • , Pr} and y\(FiU- • -UFj). 
Note that this morphism /i : Z — )■ X is projective because Z is smooth. 
Thus this morphism satisfies (2). 
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Assume (2). Let / : F — )■ X be a proper birational morphism 
and let C F be a prime divisor such that f{E) G S{X,A). We 
prove a{E,X,A) > —1. We may assume that there exists a proper 

birational morphism Y —> X' and Y is smooth by replacing Y with a 
desingularization of a resolution of indeterminacy Y X'. There are 
two cases: dim f'{E) = and dim/'(£') = 1. The latter case is clear 
by (2). Thus we may assume f'{E) is one point. Let Kx' + A' : = 
fi*{Kx + A). Since f{E) G S{X,A), there exists an /i-exceptional 
curve Ei such that f'{E) G Ei. We can write the prime decomposition 

A' := hEi + ■■■ 

where hi < 1. Then we see that a(i?,X, A) > —1 since A' is simple 
normal crossing and since the morphism /' : F — X' is a sequence of 
blow-ups. □ 

Proposition 4.3. Let (X, A) he a dlt surface. Then X is Q-factorial. 

Proof. See, for example, |Tlt Theorem 14.4]. □ 

Proposition 4.4. Let (X, A) he a dlt surface. If a Q-divisor A' sat- 
isfies < A' < A, then (X, A') ts dlt. 

Proof. Since X is Q-factorial, the assertion immediately follows from 
Definition O □ 

Proposition 4.5. Let (X, A) he a dlt surface. Then the following 
assertions are equivalent. 

(1) (X, A) IS pit. 

(2) lAj is smooth. 

(3) Each connected component of l A j is irreducihle. 

Proof. See |Kollar-Morit Proposition 5.51]. Note that the proof of 
|Kollar-Morit Proposition 5.51] needs the relative Kawamata-Viehweg 
vanishing theorem for a resolution of singularities y — )■ X. This follows 
from [T2|. □ 



Corollary 4.6. Let (X, A) he a dlt surface. Then each prime compo- 
nent of lA J is smooth. 

Proof. Let C be a prime component of lAj. Then (X, C) is pit by 
Proposition 14.51 □ 

Proposition 4.7. Let (X, C + A') he a dlt surface where C is a smooth 
curve in X. Let {Kx + C + A')\c =: Kc + Ac. Then (C, Ac) is Ic, 
that IS, < Ac < 1. 
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Proof. Let / : F — i- X be an arbitrary resolution and let Cy be the 
proper transform of C. Let f*{Kx + C + A') =: Ky + Cy + Ay. Note 
that C ^ Cy. Consider the following commutative diagram. 



„ closed , 

Gy y Y 

immersion 



^ closed -t^ 
immersion 



We prove that is effective. Let / be the minimal resolution. 
Then Ay is effective and Cy is not a prime component of Ay. Thus 
we have < Ac by the adjunction formula. 

Let / be a log resolution. Then, by Definition 14.11 we see Ay < 1. 
This means Ac < 1. □ 

Corollary 4.8. Let {X, A) be a dlt surface. Assume S := lAj ^ 
and let Ks + As := {Kx+A)\s. Then S is normal crossing and {S, As) 
is sdlt. 

Proof. By [KoUar-Morit Theorem 4.15], S is normal crossing. Thus, 
the assertion follows from Proposition 14.71 □ 

Proposition 4.9. Let {X, A) be an Ic surface. Then there exists a 
proper birational morphism h : Z ^ X from a smooth surface Z such 
that {Z, Az) is dlt where Az is defined by Kz + Az = h*{Kx + A). 

Proof. Let f : Y X he a log resolution of {X, A) and let i^'y + Ay : = 
f*{Kx+A). Let Ay = Ay— Ay where Ay and Ay are effective and Ay 
and Ay have no common irreducible components. Since Ky ■ Ay < 
and each irreducible component of Ay is /-exceptional, there exists 
a (— l)-curve C such that C C SuppAy. Contract this (— l)-curve 
y — )■ y. We repeat this procedure and we obtain morphisms 

f -.Y A Z A X. 

Then we see that Z is smooth and < Az < 1 where Kz + Az = 
h*{Kx + A). We prove that {Z,Az) is dlt. hei I : W ^ Z he & 
proper birational morphism and E d W he sji /-exceptional prime 
divisor such that 1{E) e S{Z,A). We prove a{Z,Az,E) > -1. We 
may assume that W is smooth and I : W ^ Z factors through Y. We 
obtain four surfaces: 

W Ay A Z A X. 

Note that p{E) C SuppAy. There are two cases: (O)dimp(i?) = and 
(l)dimp(E) = 1. 
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(0) Assume dimp{E) = 0. Note that p is a composition of blow-ups. 
Since Ay is simple normal crossing and p{E) G SuppAy, we obtain 
a{Z, Az, -E) > by a direct calculation. 

(1) Assume dimp{E) = 1. Since p{E) C SuppAy, we obtain the 
inequality a{Z, Az, E) > 0. □ 

Lemma 4.10. Let (X, A) be a dlt surface. Then there exists a proper 
hirational morphism A : X" — )■ X from a normal surface X" which 
satisfies the following properties. 

(1) For Kx" + A" := \*{Kx + A), the pair (X", A") is dlt. 

(2) // S'{ and S'J are prime components of \_A"_i such that S'-' ^ S'- 
and S'l n S'- ^ 0, then S'l fl S'- is one point. 

(3) A,(lA"j) = lAj and X,0,a". = ^a.- 

Proof. If (X, A) satisfies the condition (2), then the assertion is clear. 
Thus we may assume that there exists prime components Si and Sj 
of lAj such that Si ^ Sj and Si fl Sj has at least two points. Let 
P e Sid Sj. Note that, since (X, A) is dlt, P G Reg(X) and SuppA 
is simple normal crossing at P. Let n : Y X he the blowup at P 
and let Ky + Ay := fi*{Kx + A). We apply this argument to (F, Ay) 
and we repeat the same procedure. Then, by a direct calculation and 
Lemma 12.31 we obtain the desired morphism X" — )■ X. □ 
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